q 0STCE N =™
(3ot (35 osieg - (1-4)Y)
Y7 i0<Tan (P M‘;
B -1 A An +(A§V

Programming Languages: Imperative Program Construction
Final

Shin-Cheng Mu @
Autumn Term, 2024
Notes before the exam:

+ As mentioned in the class, while the solutions to practicals try to explain to you how one can came up with the
invariants (and thus do not do all the necessary proofs), in this exam you do not need to do so. Instead, present
the final program and relatively detailed proofs of invariant initialization, invariant preservation, termination,
etc.. The proofs do not need to be as detailed before, but try to do what a 30+ point question’s worth of proofs.

« The exam consists of 4 problems worth 120 points in total — you can see the final 20 points as bonus points.

1. (40 total points) The aim of this problem is to derive a quick way to compute (¥Xi j: 0 < i<j<N : (A[i] — A[j])z)
for array A and constant N.

(@) (10 points) Take n as a canstant such th&t 1 < ). Show that (complete the missing parts in ...)
=K

(Tij:0<i<j<n+1:(Al] — ALY = I
—— > ~
W (Zijro<i<j<n:(Al] - ALDY) - N /\ \x’\) :

(Zi0<i<n: Al (Tis0<i<n: Al .. .

Hint:
« If the expression gets too long, you may give names to some sub-expressions in the comments.

+ You may need the following properties, for @ that is associative, commutive, with identity e, and for
®@suchthat x®y)®z=(x®2)®(y® z):

(@i:R:F)®(®i:R:G)=(®i:R: FOG), 1)
(@i:R:F®G)=(®i:R: F)® G, whereiisnotinG, )
(Xi:0<i<n:K)=nxK for constant K. 3)

(b) (30 points) Construct a program for the following spec:

con N : Inf{N > 1} A : array [0..N) of Int;
var r: Int;

S
{r=(Xij:0<i<j<N:(Ali]l =AY} .

The answer should consist of the program and its correctness proof. The derivation (how you come up with
the program) can be omitted, however. You get full points only if you come up with a linear-time program.
Routine proofs (e.g. termination) can be very brief, so you can focus on the more tricky parts. Hint:

« When you split off a value, be sure that the range is non-empty.
« You may need to introduce two more variables.
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« You will need the result of the previous subproblem. Proofs given in there need not be repeated.

2. (30 points) The function A below is defined on natural numbers by:

A0 =1 ' - NN
An=2xA(n/2) ,ifevennand 0 <n, OW (\ '\K ﬁ b
An=n+A(n—1) ,if odd n. .

Construct a program computing A N: i : \
con N:Int {0 < N} (\"ri(?( A :A U

var r:Int
? T T
{r=AN}

The answer should consist of the program and its correctness proof. The derivation can be omitted. To get full
score, you should derive a program that usesa single loop.

Hint:

« To build the invariant you will need to introduce more variables. Use an invariant of the form A N = ..,

such that under boundary cases, the righthand-side of A N = ... is trivial to compute. Assign the result to
r as the last step of the program.

+ To find out what “.” could be, try to expand A (for example, tr@) and see whether there is a pattern.

. (30 total points) A sequence of n numbers is bitonic if it has the form x, < xy... <@2 e Xp—1. It

is a concatenation of an increasing sequence and a descending sequence, either of which can be empty. For
example, xs = [2,4,5,5,3, 1] is a bitonic sequence. With index starting from 0, the index of the “highest point”
of xs, also called the bitonic point, is 2 (having value 5). The lists [2,3,4] and [4, 3,2] are bitonic too, respectively
having bitonic points at index 2 and 0. For an counter example, [2,4,5,5, 3,4] is not bitonic.

Given a pon-emp

array containing a bitonic sequence, the task is to find the bitonic point using binary search.

(a) (10 points) The following isagplete specification of bitonicity and the problem specificaiton.

bitonic  n = (3pt0 < p < nY increasing ? ? A descending??) ,
increasing x y = (Vi:?: Ali] <A[i+1]) ,
descending x y = (Vi:?: A[?] 2 7?) .

con N: Int@
con A:array [0.N) of Int {bitonic N}

var [,m,r: Int

bitonic_point
{777}

Upon termination, [ should point to thﬂ@)@t.\ﬁnish the definition and specification.

(b) (10 points) Recall th§ out‘I;ne of binary search:

{M<NAOM

r-mn =10, N3 = = -
l{d)erj\Msl<r)<N,bnd:}r—l} V- {\,\.J), N )

ol+ WAL+ 2 K

do [ 1a/r—>E,,;=/\anything’5,t.l<m<r ‘ﬁ,, LO . N) Gvrv\)

{.Al<m<r}
ifOomr— l:=m
| ®lm—r=m
fi

od Y_

atcnnei@y V=P s < A 2 AL
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Define ® f@gprobld of finding the bitonic point. Argue why bitonic N A dlrAnoLli<m<r<
N = & [ mv-&7ir holds. Note: for this question you do not have to be as formal as we usually were.
Short, informal arguments mixing equational reasoning and verbal explanation will suffice.

() (10 points) Present the completed program that finds the bitonic point. For this question, you do not need
10 show me any proofs — but you still have to make sure that the program is correct by our standard. Hint:
apparently you cannot just use ® m r and ® [ min the code. You will need to simplify them, but be careful
about what they get simplified to!

4. (20 bonus points) Prove the correctness of the following program (where the ... parts are routine and omitted).

con N:Int {N =0}
con X :array [0.N) of Int {(Vi:0 < i< N:0< X[i] <100)}
var h:array [0..100) of Int

{(Vi:0<i<100:h[i] =o0)}

n:=N

dons0—
h(X[n—=1]]:==n—1
ni=n-—1

od

{(Vi:0<i<100:h[]]=(Lk:0<k<NAXK=i:k)} .
Again, routine proofs can be discharged briefly so you can focus on the more tricky parts. Hints:

« To prove P = Q, you may try to prove Q while assuming P to be true.
« Similarly, to prove (Vi : P: Q), you may try to prove Q while assuming P to be true.

« Properties regarding a function defined by cases (f = xxx if P holds, f = yyy otherwise) can be proved by
discussing these cases separately.

+ The following property may be useful.

(Lk:x<k<yAP:k)lz=z,ifz<x @)

Page 3



